Abstract. The fracture toughness and strength of ceramics can be improved with respect to monolithic ceramics by developing graded materials as laminates composed of periodic alternating layers of one material separated by layers of a second material. The second layer must contain residual compressive stresses which are induced during densification because of differential thermal contraction of the layers. The overall residual stresses increase the apparent fracture toughness of the laminate. However, most deleterious natural flaws and most of the damage induced in service by the environment, contact loading, wear, etc, are small cracks on the surface of the outer layer, so that the effect of the laminate residual stresses on these cracks should be rationalised to understand their behaviour. This work presents an analysis of the influence of the gradient residual stresses on the behaviour of surface cracks under bending and indentation in materials with outer layers either with tensile or compressive residual stresses.
Introduction
The contact of indenters on the surface of brittle materials is usually performed by means of either sharp or blunt indenters. Sharp indenters, like the Vickers indenter, are extensively used to study the fracture and deformation properties of polycrystalline ceramics. Sharp contacts provide deep insight into the fundamental nature of damage modes in brittle solids. It can be also used to induce controlled flaws from which different properties can be evaluated. Increase in crack length of these flaws in service by thermal shock, static or cyclic fatigue, etc, conducts to strength degradation from which the damage induced by these mechanisms can be assessed [1] . Indentations can be used to estimate the fracture toughness of intrinsically brittle ceramics with routine simplicity. In particular, Vickers indentation is now the most widely used test method for evaluating local qualitative fracture toughness in brittle materials. The toughness is calculated from the lengths of surface radial cracks at the indentation corners [2] :
and ξ =0.016, E is the elastic modulus of the material and H is the indentation hardness. The constant ξ has an empirical value that represents the average indentation behaviour of different brittle materials studied by Anstis et al [2] . For one specific ceramic, there is considerable uncertainty in the exact value, which may lead to uncertainties of about 25% in the indentation fracture toughness even when environment effects are taken into account. In addition, if there are extrinsic toughening mechanisms which act on the crack wake, that is, R-curve behaviour, the toughness measured should be a value which lies between the intrinsic fracture toughness and the steady-state plateau toughness depending on the crack length and the mechanism of toughening.
On the other hand, because of the uncertainties in the measurements of fracture toughness by indentation methods, fracture mechanics techniques with straight cracks on four point bend specimens have been widely used to characterise the fracture toughness in ceramic materials. Recent developments in functionally graded ceramics and ceramic laminates have shown that producing multi-layer ceramic laminates with alternative layers under compressive and tensile residual stress can lead to significant improvements in toughness at a relatively low cost [3] . Most of these gradient layered materials are based on an optimal distribution of residual stresses in order to increase the fracture toughness, the highest value being reached after the crack has propagated relatively a long distance through the thickness.
The residual stress in the outer layers of functional gradient materials and laminates plays a dominant role on the usability of these materials. In other words, crack nucleation under contact loading and subsequent propagation inside these layers is of fundamental importance for most applications. The focus of this paper is on the study of the effect of gradient either tensile or compressive residual stresses near the free surface of ceramics.
Residual stresses in laminated and functional graded materials
It is well known that in multilayers and functionally gradient materials the mismatch of thermal expansion coefficients between different layers generates residual stresses during subsequent cooling [4, 5] . In the presence of a crack induced by indentation, these residual stresses conduct to a laminate residual stress intensity factor, K r , which can be added to the Vickers residual stress intensity factor induced by indentation, K ind , so that the crack will grow until the equilibrium condition is reached, that is,
Thus, if a specimen is tested using Vickers indentation in a laminate under a given load, the indentation crack length that results is shorter or longer than in the same isolated monolithic material under the same load depending whether the residual stress in the laminate is compressive (K r <0) or tensile (K r >0). Then if Eq.(1) is used the measurement represents an apparent fracture toughness which may be higher (compressive stresses) or lower (tensile stresses) than the intrinsic toughness, K c . In addition, the exact value of the apparent fracture toughness will change along the crack front following the change in the residual stress depth profile, which depends itself of the position of the crack on the layer. Therefore, for a surface semicircular flaw (see Fig.1 ), the total stress intensity factor may have different values at the surface and at the deepest point, even if the surface effect is neglected [6] .
As a consequence, during indentation the flaw will tend to grow more either at the surface (point B of Fig. 1(b) ) or at the deepest point (A) depending on whether the stresses are compressive or tensile, respectively. If the indentation crack length is only measured at the surface and it is assumed to be semicircular, the apparent indentation fracture toughness may be either underestimated or overestimated according whether the stresses are compressive or tensile, respectively.
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Estimation of the fracture toughness by indentation
However, in a first step and in order to simplify the treatment, it will be assumed that the residual stress distribution is uniform over the depth of the surface cracks, so that a rough estimation of the stress intensity factor for a semicircular crack (a=c) can be given as [7] :
where σ 0 is the constant residual stress in the outer layer and F res are functions that depend on a/c and on the position along the crack front. By using Eqs. (1) and (4) 
where c and c 0 are the surface indentation crack lengths with and without residual stresses respectively, and from which an expression for σ 0 can be obtained as:
This is a useful and simple equation in order to estimate the level of residual stress and to compare the results of measurements on different points of the same material.
The normalized total and residual stress intensity factors are plotted in The effect of a compressive residual stress will be to reduce crack growth in the indentation process by an amount different to the extension in case of tensile residual stresses. Thus, for a compressive stress with the same absolute value as the tensile stress that induces popping in at the tensile outer layers, the indentation crack length will reach a length of only about 0.78 c 0. If the indention load is high and the compressive layer is thin, the indentation crack could reach the tensile neighbouring layer and induce unstable fracture.
Residual stress field with a surface gradient
The above simple analysis does not take into account those situations in which residual stresses in laminates or in functional gradient materials are not exactly constant close to the surface of the specimens because of a concentration gradient, or edge effects in laminates, asymmetric layers, etc. Thus the residual stress in the depth direction (perpendicular to the plates) will be assumed as having a gradient near the surface: the residual stress at the surface, σ 0 , increases in the depth direction until reaching a constant value, σ 0 + Δσ 0 at a depth s. For simplicity it will be assumed that the residual stress can be represented by a linear relationship, that is:
It is possible then to calculate the apparent fracture toughness of a straight edge crack which could be considered as the limit of a semicircular surface crack when c>>a (Fig. 1 ). This hypothesis is better realised in the case of the existence of a gradient of residual stress close to the surface so that the apparent fracture toughness at the surface, point B, is much smaller than at point A. In order to obtain analytical solutions we shall consider the material homogenous and isotropic and that all natural or indentation cracks can be assimilated to edge cracks. 
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Let us assume that the stress intensity factor of the residual stress in the laminate increases with depth according to Eq. (7). The stress intensity factor can be calculated by the weight function method and assuming that the crack is in an infinite body, 
If the crack length is smaller than s then by using Eq. (7) and integrating this equation we obtain: . If a is equal or larger than s, then by using Eqs. (7) and (8) in (9) and integrating we have:
is the residual stress intensity factor for a≥s.
Apparent fracture toughness
The apparent fracture toughness close to the surface is given by the intrinsic fracture toughness of the outer layer, K c , plus or minus the above expressions. They are added or subtracted according to the sign of the residual stress along the crack path, that is, whether they are compressive or tensile. Fig. 3 shows the plots of the normalised apparent fracture toughness in terms of the square root of the crack length normalised by s 1/2 for σ 0 (πs) 1/2 = K c . In these figures the indentation and the applied bending stress intensity factors, both normalised by σ 0 (πs) 1/2 , are also plotted. For the indentation residual stress intensity factor, K ind, it is assumed that it can be written as in Eq.(1), so that the normalised indentation residual stress intensity factor can be expressed as,
where z 0 =(a 0 /s) 1/2 and a 0 is the crack length in the monolithic material under the same indentation load as in the laminate. In the case of an applied bending stress, the stress intensity factor, K b , is given by,
If the near surface region under compression a clear apparent R-curve behaviour appears (Fig.3) . Therefore, when applying a bending stress there will be stable crack growth.
The intercepts of the indentation residual stress curves with the apparent fracture toughness curves give the final indentation crack length. It is clear that when applying an indentation the resulting cracks will be shorter than in the monolithic materials as shown previously for a constant residual compressive stress. 
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In the case of an outer tensile layer (Fig.4) , the fracture toughness decreases with crack length and only cracks produced under small loads will be able to stop and not to run inside the specimen, as it would be the case for z 0 = 0.1 (see Fig. 4 ). There is an indentation load that will easily propagate the crack until meets neighbouring compressive regions where it may stop. It can be seen in Fig 4. that this load is close to the value that induces cracks with z 0 around 0.5 in the monolithic material.
In bending, the stress intensity factor acting on edge surface cracks increases according to the straight lines shown in Figs. 3 and 4 . The intercept with the apparent fracture toughness curves will give the fracture condition. Unstable crack extension and complete fracture of this layer will occur when reaching the unstable fracture condition, that is, for a small crack extension the increase in K b is larger than the increase in Kapp. From this figure it is also clear that unstable fracture is controlled by the apparent fracture toughness for a>s. Then the condition for unstable fracture for a>s can be written as:
By solving Eqs. (14) and (15) and using Eqs. (13) and (11) the critical crack length in bending can be found in an analytical form: The length of the critical crack (see Fig. 5 (a)) increases with σ 0 (smaller values of α) and, for a given α, increases with the surface gradient. Also, as is apparent in the curves of Fig. 3 , the critical crack length is always larger than s. Then, any crack of length shorter than the critical value will grow in a stable manner until the critical value is reached. The critical stress for this compressive outer layer (Fig. 5(b) ) shows an increase with respect to the monolithic material. It can be seen that all cracks shorter than s will increase and extend until reaching the critical condition beyond s=1. As may be expected, very large residual compression stresses along thick layers, that is, α<<1, induce the largest critical stress.
Tension in the outer layer
In the case of tensional outer layers the K r residual stress intensity factor must be subtracted to the intrinsic fracture toughness to find out the apparent fracture toughness, which, in this case, will decrease with crack length (Fig. 4) . If the tensional residual stress is high enough so that the apparent fracture toughness reaches zero for a given crack length, cracking of this layer will take place during fabrication before applying any external load. For this reason the apparent fracture toughness in Fig. 4 has only been plotted for α equal to 1 and 5, since for α = 0.1 it is already negative. Residual stresses can drive the crack directly to the compressive neighbouring layer. For example, if s is equal to the indentation crack length in the monolithic material, z 0 =1, and it can be seen that under the same indentation load the crack will run in an unstable manner at least until next compressive layer is reached where it may stop if the compressive residual stress is high enough. This is because in this case K ind is always higher than K app as it happens when α is equal to 1. On the other hand, when the tensional residual stress is low, for example for α = 5, the crack will stop when K ind becomes equal to K app. . This is reached at points A and B in Fig. 4 for α = 5, β=0 and z 0 = 1. The indentation crack in principle may stop at A but not at B, since, at difference with A, B is an unstable position as K ind grows faster than K app. . Under bending only unstable crack growth will occur. The normalised stress to propagate the crack to the neighbouring compressive layer is shown in Fig. 6 in terms of the normalised crack length. As the normalising stress is equal to the strength of the monolithic material (without residual stresses) for a semicircular crack of depth equal to s, it becomes clear that surface cracks can be easily extended to the next neighbouring compressive layer with a relatively low stress.
Conclusions
Conditions for extension of straight edge cracks and Vickers indentation cracks in the outer layer of ceramics with increasing residual stresses in the depth direction have been analysed by means of a simple approach in which the material is considered homogenous. The analysis shows clearly that the strength and apparent fracture toughness can be considerably increased or decreased in relation to the monolithic material.
